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Abstract
Operators transform anomalously under the symmetry in the presence of quantum anomalies.
We study this aspect of the super-Weyl anomaly in N = (1, 1) superconformal field theories
(SCFTs), in the context of AdS/CFT. In particular, we carry out holographic renormalization
for (1, 1) pure AdS3 supergravity that is supposed to be a gravity dual of the N = (1, 1)
SCFT, and derive holographic superconformal Ward identities with corresponding anomalies.
We show that the obtained super-Weyl anomaly of the N = (1, 1) SCFT induces a quantum
correction term in the transformation law of the supercurrent under the rigid supersymmetry.
We demonstrate that the correction term does not affect the N = (1, 1) rigid supersymmetry
algebra on two-sphere.
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1 Introduction
In recent works [1, 2], 4 dimensional N = 1 superconformal anomalies including the super-Weyl
and supersymmetry anomalies were obtained by carrying out supersymmetric holographic renor-
malization for the AdS5 supergravity and using the AdS/CFT dictionary [3, 4, 5]. In addition, it
was shown that these fermionic anomalies make the supercurrent operator transform anomalously
under the rigid supersymmetry on curved manifolds and thus add a quantum correction to the
rigid supersymmetry algebra. This result gives a partial answer to the issue raised in [6, 7] that the
supersymmetric Casimir energy [8, 9, 10, 11] of N = 1 supersymmetric gauge theories defined on
supersymmetric backgrounds computed via localization technique [12, 13] does not agree with the
holographic computation, because the localization technique is based on the rigid supersymmetry
algebra with no quantum correction term.1
In this note we would like to carry out an analysis similar to the one in [1, 2], for the AdS3/CFT2
correspondence. That is, we perform supersymmetric holographic renormalization for (1, 1) pure
AdS3 supergravity to obtain the super-Weyl anomaly of 2 dimensional N = (1, 1) SCFTs and
discuss its physical implications.2
Following [1, 2, 15, 16, 17, 18], we first formulate the bulk supergravity in terms of the radial
Hamiltonian formalism to obtain the radial Hamiltonian of the bulk theory.3 The equations of
motion for this radial Hamiltonian lead to the first-class constraints that reflect the bulk gauge
symmetries. These first-class constraints in turn become the Hamilton-Jacobi (HJ) equations for
the Hamilton’s principal function S, whose solution is just equivalent to the on-shell supergravity
1The rigid supersymmetry algebra used in supersymmetric localization is derived from the classical supergravity
algebra and thus does not take into account the quantum effect. The result of [1, 2] is not a complete answer to
the mismatch, since one has yet to verify by means of purely field-theoretic computations if the rigid supersymmetry
algebra really receives a quantum correction.
2The holographic super-Weyl anomaly for the AdS3/CFT2 correspondence was obtained in [14], where its physical
implications were not discussed.
3In [19], AdS3/CFT2 without supersymmetry was studied by the same approach to reproduce the well-known
result that asymptotic charges of pure AdS3 satisfy the Virasoro algebra of 2 dimensional CFT.
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action. One can identify the boundary counterterms with the opposite sign of the divergent part
of the asymptotic solution of the HJ equations.
The counterterms allow to define the renormalized canonical momenta, which, according to the
AdS/CFT dictionary, correspond to the renormalized one-point functions of the boundary field
theory. As in [1, 2], we obtain the Ward identities that reflect Weyl symmetry, diffeomorphism
invariance, supersymmetry and super-Weyl symmetry of N = (1, 1) SCFTs with the supersym-
metrized Weyl anomaly and super-Weyl anomaly.
The super-Weyl anomaly itself vanishes on bosonic backgrounds where quantum field theories
are usually studied, and thus it seems that the super-Weyl anomaly has no physical meaning.
However, this is not the case. Indeed, it turns out that the holographic Ward identities allow
us to find the physical implications of the super-Weyl anomaly. First, it follows from the super-
Weyl Ward identity that the two-point correlation function of the supercurrent and its supertrace
is a contact term. This can be verified in 2 dimensional SCFTs by manipulating the two-point
function of the supercurrent operators. Second, the super-Weyl anomaly plays a role of inducing a
quantum correction term in the action of the rigid supersymmetry on the supercurrent that can be
obtained from the supersymmetry and super-Weyl Ward identities. It is this quantum correction
that generates the central term in the anti-commutator of the modes of the supercurrents in the
super-Virasoro algebra.
In [1, 2] it was shown that the quantum correction in the transformation law of the super-
currents under the rigid supersymmetry leads to a correction term in 4 dimensional N = 1 rigid
supersymmetry algebra. On the contrary, in this note we demonstrate that the N = (1, 1) rigid
supersymmetry algebra on two-sphere receives no quantum correction. We emphasize that this
phenomenon is special to 2 dimensional manifolds and there is no analogue in 4 dimensions.
The rest of this note is organized as follows. In section 2 we formulate the N = (1, 1) pure
AdS3 supergravity action in the radial Hamiltonian formalism, derive the first-class constraints
and determine the boundary counterterms to renormalize the on-shell supergravity action and the
canonical momenta. In section 3 we derive the holographic Ward identities and discuss the physical
implication of the super-Weyl anomaly. In section 4 we obtain the action of the rigid symmetries
on the operators in 2 dimensional SCFTs. In section 5 we discuss the anomalous transformation of
the supercurrent under the rigid supersymmetry and demonstrate that the anomalous term does
not affect the N = (1, 1) rigid supersymmetry algebra on two-sphere. We list some concluding
remarks in section 6. Appendices contain our conventions and some technical details.
2 Radial Hamiltonian and holographic renormalization
In this section we apply the supersymmetric holographic renormalization developed in [1, 2] to
N = (1, 1) pure AdS3 supergravity.
The bulk action for pure N = (1, 1) AdS3 supergravity reads [20]
Sbulk =
1
2κ2
∫
M
d3x eˆ
(
R− ψ¯µˆγˆµˆνˆρˆ∇ˆνˆψρˆ − ψ¯′µˆγˆµˆνˆρˆ∇ˆνˆψ′ρˆ
− 1
2L
ψ¯µˆγˆ
µˆνˆψνˆ +
1
2L
ψ¯′µˆγˆ
µˆνˆψ′νˆ +
2
L2
)
, (2.1)
where 4-fermion terms are omitted. Here M stands for the three dimensional spacetime in which
the supergravity theory is defined. In addition, ψµˆ and ψ
′
µˆ refer to the Majorana gravitino of
the (1, 0) and (0, 1) sector, and ∇ˆ denotes the bulk covariant derivative. Finally, −2/L2 is the
cosmological constant and eˆ = det eˆaˆµˆ.
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The supergravity action (2.1) is invariant under the local transformations
δξ,λ,ǫ,ǫ′Eˆ
aˆ
µˆ = ξ
νˆ∂νˆEˆ
aˆ
µˆ + ∂µˆξ
νˆEˆaˆνˆ + λ
aˆ
bˆ
Eˆ bˆµˆ +
1
2
ǫ¯γaˆψµˆ +
1
2
ǫ¯′γaˆψ′µˆ, (2.2a)
δξ,λ,ǫψµˆ = ξ
νˆ∂νˆψµˆ + (∂µˆξ
νˆ)ψνˆ +
1
4
λaˆbˆγ
aˆbˆ
ψµˆ + ∇ˆµˆǫ− 1
2L
γˆµˆǫ, (2.2b)
δξ,λ,ǫψ
′
µˆ = ξ
νˆ∂νˆψ
′
µˆ + (∂µˆξ
νˆ)ψ′νˆ +
1
4
λaˆbˆγ
aˆbˆ
ψ′µˆ + ∇ˆµˆǫ′ +
1
2L
γˆµˆǫ
′, (2.2c)
up to the boundary terms. Here ξµˆ, λaˆbˆ, ǫ and ǫ′ are the parameters of the local diffeomorphism,
local Lorentz and local supersymmetry transformations, respectively.
In asymptotically locally AdS spaces (AlAdS) the asymptotic behavior of a spinor field is
determined by its mass term and radiality [21, 22, 23]. In the case of N = (1, 1) AdS3 supergravity,
ψµ+ and ψ
′
µ− are more dominant than ψµ− and ψ
′
µ+ near the boundary and therefore it is natural to
take ψµ+ and ψ
′
µ− as the source fields of the boundary field theory. This implies that the Dirichlet
boundary condition is imposed for ψµ+ and ψ
′
µ− in the bulk supergravity.
It then follows that in order to have a well-posed variational problem we should add the super-
Gibbons-Hawking boundary terms [24, 14]
SsGH =
1
2κ2
∫
∂M
d2x
√−g
(
2K − 1
2
εµν ψ¯µγ∗ψν +
1
2
εµν ψ¯′µγ∗ψ
′
ν
)
, (2.3)
to the supergravity action (2.1), where K ≡ gµνKµν and
Kµν ≡ 1
2N
(g˙µν −∇µNν −∇νNµ) (2.4)
is the extrinsic curvature.
In order to formulate the supergravity theory in terms of the radial Hamiltonian formalism, we
begin with radial-decomposition of the full action
Sfull = Sbulk + SsGH =
∫
dr L, (2.5)
where the bulk is regarded as a foliation of the radial slices Σr and L is the so-called radial
Lagrangian, which is given by
L =
1
2κ2
∫
Σr
d2x
√−g
{
N
(
R[g] +K2 −KµνKµν + 2
L2
)
+ 2εµν ˙ψµ+ψν− + 2ε
µν ˙ψ′µ−ψ
′
ν+
+ εµν(ψ¯r −Nλψ¯λ)Kρµγργ∗ψν + 1
4
εµνE˙aρE
ρ
b ψ¯µγ
abψν − 1
2
εµν∂ρNψ¯µγ∗γ
ρψν
+
1
4
εµν∇ρNλψ¯µγρλψν − 1
L
(ψ¯r −Nλψ¯λ)γ∗γµψµ − N
2L
ψ¯µγ
µνψν + 2ε
µν ψ¯r∇µψν
+ εµν(ψ¯′r −Nλψ¯′λ)Kρµγργ∗ψ′ν +
1
4
εµνE˙aρE
ρ
b ψ¯
′
µγ
abψ′ν −
1
2
εµν∂ρNψ¯
′
µγ∗γ
ρψ′ν
+ 2εµν ψ¯′r∇µψ′ν +
1
4
εµν∇ρNλψ¯′µγρλψ′ν +
1
L
(ψ¯′r −Nλψ¯′λ)γ∗γµψ′µ +
N
2L
ψ¯′µγ
µνψ′ν
}
. (2.6)
The radial Lagrangian allows to define the canonical conjugate momenta. The conjugate momenta
for ψr, ψ
′
r, N
µ and N vanish identically, since their radial derivatives are not involved in the radial
Lagrangian L. In fact, as is well-known, they are the Lagrange multipliers that parameterize the
gauge transformations of the supergravity theory.
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The conjugate momenta for Eaµ, ψµ+ and ψ
′
µ− are given as
πµa ≡
δL
δE˙aµ
=
√−g
2κ2
(δµνEρa + δ
µ
ρEνa)
[
gνρK −Kνρ + 1
2N
[ενσ(ψ¯r −Nλψ¯λ)γργ∗ψσ]+
+
1
2N
[ενσ(ψ¯′r −Nλψ¯′λ)γργ∗ψ′σ]
]
+
√−g
8κ2
Ebµερσψ¯ργabψσ +
√−g
8κ2
Ebµερσψ¯′ργabψ
′
σ, (2.7a)
πµψ ≡
δL
δ ˙ψµ+
=
√−g
κ2
εµνψν−, (2.7b)
πµψ′ ≡
δL
δ
˙
ψ′µ−
=
√−g
κ2
εµνψ′ν+, (2.7c)
From the definition of the conjugate momenta πµa , we obtain a primary first-class constraint
κ2√−g (E
aµπνa − Eaνπµa ) =
1
4
ερσ(ψ¯ργ
µνψσ + ψ¯
′
ργ
µνψ′σ), (2.8)
which reflects the local Lorentz invariance of the bulk supergravity theory.
Now that the conjugate momenta are given, we can obtain the radial Hamiltonian by a Legendre
transformation
H =
∫
Σr
d2x (πµa E˙
a
µ +
˙ψµ+π
µ
ψ +
˙
ψ′µ−π
µ
ψ′ − L)
=
∫
Σr
d2x [NH +NµHµ + (ψ¯r −Nµψ¯µ)F + (ψ¯′r −Nµψ¯′µ)F ′], (2.9)
where
H = κ
2
2
√−g (E
a
µE
b
ν − EaνEbµ)πµaπνb +
1
2L
ψ¯µ+π
µ
ψ +
1
2L
ψ¯′µ−π
µ
ψ′+
− κ
2
4
√−gεµν∇ρ(π¯
µ
ψγ
ρπνψ) +
κ2
4
√−gεµν∇ρ(π¯
µ
ψ′γ
ρπνψ′)−
−
√−g
2κ2
(
R[g] +
2
L2
− 1
2
εµν∇ρ(ψ¯µ+γρψν+) + 1
2
εµν∇ρ(ψ¯′µ−γρψ′ν−)
)
, (2.10a)
Hµ = −Eaµ∇νπνa + (∇µψ¯ν−)πνψ −∇ν(ψ¯µ−πνψ) + (∇µψ¯′ν−)πνψ′ −∇ν(ψ¯′µ−πνψ′), (2.10b)
F+ = κ
2
4
√−g (2gµνγρ − gµργν − gνργµ)π
ρ
ψE
aνπµa +
1
2L
γµπ
µ
ψ −
√−g
κ2
εµν∇µψν+, (2.10c)
F− = 1
2
γ(µψν+)E
aνπµa −
√−g
2κ2L
γµψµ+ −∇µπµψ, (2.10d)
F ′+ =
1
2
γ(µψ
′
ν−)E
aνπµa −
√−g
2κ2L
γµψ′µ− −∇µπµψ′ , (2.10e)
F ′− = −
κ2
4
√−g (gµνgρλ − gµρgνλ)(γ
λπρψ′ + γ
ρπλψ′)E
aνπµa −
1
2L
γµπ
µ
ψ′ −
√−g
κ2
εµν∇µψ′ν−, (2.10f)
and F± ≡ (1± γ∗)F/2 and F ′± ≡ (1± γ∗)F ′/2.
Since the conjugate momenta for N , Nµ and ψr vanish by construction, their Hamiltonian
equations of motion become
H = Hµ = F− = F+ = F ′− = F ′+ = 0, (2.11)
4
which are in fact the first class constraints that generate the scaling, diffeomorphism, super-Weyl
and supersymmetry transformations respectively on the radial slice Σr. In particular, N , N
µ, ψr
and ψ′r are gauge degrees of freedom in the bulk supergravity and we are free to choose a certain
gauge for them. In this work we choose the so-called Fefferman-Graham gauge, namely
N = 1, Nµ = ψr = ψ
′
r = 0. (2.12)
The Hamilton-Jacobi (HJ) equations for the Hamilton’s principal function S are obtained by
substituting
πµa =
δS
δEaµ
, πµψ =
δS
δψ¯µ+
, πµψ′ =
δS
δψ¯′µ−
, (2.13)
into the first class constraints (2.11). Now we can determine the boundary counterterms by solving
the HJ equations recursively with respect to the dilatation operator
δD ≡
∫
Σr
d2x
(
eaµ
δ
δeaµ
+
1
2
χ¯µ
δ
δχ¯µ
+
1
2
χ¯′µ
δ
δχ¯′µ
)
, (2.14)
where eaµ, χµ and χ
′
µ are induced zweibein and (1, 0) and (0, 1) gravitino fields on the radial slice
Σr, respectively. The solution of HJ equations can be written as
S = S(0) + S˜(2) + S(2) + · · · , δDS(0) = 2S(0), δDS˜(2) = 0, (2.15)
where S(0) is quadratically divergent, and S˜(2) is the logarithmically divergent term that essentially
indicates the Weyl anomaly of the dual boundary field theory. S(2) is finite and actually equivalent
to the renormalized on-shell action.
In the case of pure AdS3 supergravity, the divergent terms of the asymptotic HJ solution are
simply given by
Sdiv =
1
κ2
∫
Σr
d2x
√−g
[ 1
L
− L
2
log e−
2r
L
(
R[g]− 1
2
εµν∇ρ(ψ¯µ+γρψν+ − ψ¯′µ−γρψ′ν−)
)]
. (2.16)
The counterterms are simply identified with −Sdiv, namely
Sct = −Sdiv, (2.17)
which removes the long-distance divergence of the bulk supergravity on-shell action. Therefore, the
renormalized on-shell action is defined as
Sren = lim
r→∞
(Sreg + Sct), (2.18)
where Sreg is the regularized on-shell action. Note that the logarithmic term in Sct explicitly
depends on the radial coordinate r and thus implies that the diffeomorphism invariance of the
bulk supergravity theory along the radial direction is broken. In the AdS/CFT context this corre-
sponds to the breakdown of Weyl invariance of the dual CFT on the boundary. In particular, the
logarithmic term in Sct becomes the Weyl anomaly of the dual CFT.
The asymptotic behavior of the source fields can be determined from the asymptotic HJ solution
Sdiv. In fact, the Hamiltonian equations of motion lead us to the flow equations
E˙aµ =
δH
δπµa
=
κ2√−g (E
a
µE
b
ν − EaνEbµ)πνb , (2.19a)
5
ψ˙µ+ =
δH
δπ¯µψ
=
1
2L
ψµ+, (2.19b)
ψ˙′µ− =
δH
δπ¯µψ′
=
1
2L
ψ′µ−. (2.19c)
From these flow equations, we see that the asymptotic behavior of the source fields are
Eaµ(r, x) ∼ e
r
L eaµ(x), (2.20a)
ψµ+(r, x) ∼ e
r
2Lχµ(x), (2.20b)
ψ′µ−(r, x) ∼ e
r
2Lχ′µ(x), (2.20c)
where eaµ(x), χµ(x) and χ
′
µ(x) can be regarded as the source fields of the boundary CFT that couple
to the stress-energy tensor and supercurrent operator respectively.
The renormalized canonical momenta are then defined as
πˆµa ≡ lim
r→+∞
e
r
L
(
πµa +
δSct
δEaµ
)
, (2.21a)
πˆµψ ≡ limr→+∞ e
r
2L
(
πµψ +
δSct
δψ¯µ+
)
, (2.21b)
πˆµψ′ ≡ limr→+∞ e
r
2L
(
πµψ′ +
δSct
δψ¯′µ−
)
. (2.21c)
The variation of the renormalized on-shell action becomes
δSren =
∫
∂M
d2x
(
πˆµa δe
a
µ + δχ¯µπˆ
µ
ψ + δχ¯
′
µπˆ
µ
ψ′
)
, (2.22)
which implies that the variational problem is now well-posed under the Dirichlet boundary condition
for the source fields.
3 Holographic Ward identities and anomalies
The above renormalized canonical momenta correspond to renormalized one-point functions of
the stress-energy tensor and the supercurrent operator of the dual field theory by the AdS/CFT
dictionary, namely
〈T µa 〉 ≡ −2πe−1πˆµa , T µν ≡ eaµT νa , (3.1a)
〈T µF 〉 ≡
(
0
Sµ
)
≡ 2πe−1πˆµψ, (3.1b)
〈T ′µF 〉 ≡
(
S′µ
0
)
≡ 2πe−1πˆµψ′ , (3.1c)
where e = det eaµ.
Using this mapping, the first class constraints (2.11) and (2.8) are converted into the quantum
Ward identities that relate the above one-point functions, namely
eaµ 〈T µa 〉 −
1
2
χ¯µ 〈T µF 〉 −
1
2
χ¯′µ 〈T ′µF 〉 = Aw, (3.2a)
6
eaµ∇ν 〈T νa 〉+ (∇µχ¯ν) 〈T νF 〉 − ∇ν(χ¯µ 〈T νF 〉) + (∇µχ¯′ν) 〈T ′νF 〉 − ∇ν(χ¯′µ 〈T ′νF 〉) = 0, (3.2b)
∇µ 〈T µF 〉+
1
2
γ(µχν)e
aν 〈T µa 〉 = 0, ∇µ 〈T ′µF 〉+
1
2
γ(µχ
′
ν)e
aν 〈T µa 〉 = 0, (3.2c)
γµ 〈TFµ〉 = Asw, γµ 〈T ′Fµ〉 = A′sw, (3.2d)
eaµ 〈T µb 〉 − ebµ 〈T µa 〉 −
1
2
χ¯µγab 〈T µF 〉 −
1
2
χ¯′µγab 〈T ′µF 〉 = 0, (3.2e)
where the Weyl and super-Weyl anomalies are respectively given as
Aw = −2π L
2κ2
(
R[e]− 1
2
εµν∇ρ(χ¯µγρχν) + 1
2
εµν∇ρ(χ¯′µγρχ′ν)
)
, (3.3a)
Asw = 2π L
κ2
εµν∇µχν , A′sw = −2π
L
κ2
εµν∇µχ′ν . (3.3b)
The Ward identities (3.2) reflect the conformal symmetry, diffeomorphism invariance, supersym-
metry, super-Weyl symmetry and local Lorentz invariance of the dual SCFT. Notice that the local
Lorentz invariance Ward identity (3.2e) implies that T µν is no longer a symmetric tensor due to
the gravitino sources.
The holographic super-Weyl anomalies (3.3b) satisfy Wess-Zumino consistency condition, and
precisely coincide with the result of [14], where the anomalies were obtained by using the Fefferman-
Graham expansion of the bulk fields and explicitly evaluating the variation of the total supergravity
action together with the counterterms. The bosonic part of the holographic Weyl anomaly (3.3a) is
well-known since the work by Henningson and Skenderis [25], whereas the fermionic part of (3.3a)
is novel and is the supersymmetry partner of the bosonic part. In fact, the Weyl anomaly (3.3a) is
superconformal invariant, which can be easily verified.
By comparing with the Weyl anomaly in 2D CFT
〈T µµ 〉 = −
c
12
R (3.4)
one can find that the bulk parameters L and κ2 are related to the central charge of the boundary
CFT by [26]
2π
L
κ2
=
c
6
. (3.5)
The super-Weyl anomalies (3.3b) deserve the further comment. As in AdS5/CFT4 [1, 2], the
super-Weyl anomalies Asw and A′sw depend on the gravitino source field χµ. Since fermionic
backgrounds are usually turned off in the quantum field theory, at first sight it seems that the
super-Weyl anomalies have no physical meaning. However, by differentiating (3.2d) with respect to
the gravitino source field, we find that they contribute the contact terms to the two-point function
of the supercurrent operators, namely
〈T¯Fµ(x)γµT νF (y)〉 = 2π
c
6
εµν∇µδ2(x, y), 〈T¯ ′Fµ(x)γµT ′νF (y)〉 = −2π
c
6
εµν∇µδ2(x, y), (3.6)
where δ2(x, y) ≡ δ2(x − y)/√−h is the covariant 2 dimensional Dirac delta function. In fact, this
is a common feature of the anomalies. For instance, the conformal anomaly (3.4) vanishes on the
flat metric, while it contributes the contact term to the two point function of T µµ , namely (see e.g.
(4.97) in [27])
〈Tzz¯(z)Tww¯(w)〉 = −cπ
6
∂z∂¯z¯δ
(2)(z −w), (3.7)
where z and z¯ are the coordinates of the complex plane with the metric ds2 = dzdz¯.
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One can confirm that the two-point function (3.6) exactly matches the 2D SCFT result. First,
on the light-cone flat metric (B.1), the two-point function (3.6) becomes
〈S+(x−1 )S−(x−2 )〉 = −2π
c
12
∂
x−
1
δ(2)(x−1 − x−2 ). (3.8)
On the 2D SCFT side, we begin with the two-point function of the supercurrent
〈Sz(z)Sw(w)〉 =
c
6
(z − w)3 . (3.9)
Taking a functional derivative with respect to z¯ and using the conservation of the supercurrent
∂z¯Sz + ∂zSz¯ = 0, we find
∂z 〈Sz¯(z)Sw(w)〉 = − c
6
∂z¯
1
(z − w)3 = −
c
12
∂z¯∂
2
z
1
z − w, (3.10)
which is consistent with (3.8), taking into account that ∂z¯(1/(z − w)) = 2πδ(2)(z − w).4
Therefore we conclude that the super-Weyl anomaly (3.3b) indeed implies the breakdown of
the classical super-Weyl invariance of the SCFTs even on flat backgrounds.
4 Transformation of the operators
Another aspect of the above anomalies is that they give rise to the anomalous terms in the trans-
formation of the operators. Indeed, the trace anomaly in 2D CFT makes the stress-energy tensor
transform anomalously under the conformal transformation. In the holography context this was
shown in [28] by using Fefferman-Graham expansion of the bulk metric. As shown in [29], one
can reach the same conclusion easily by using the first class constraints (2.11) and the Poisson
bracket. Following [29, 1, 2], we would like to show that the supercurrent operator also transforms
anomalously under the rigid supersymmetry.
To this aim, we first need to understand the symmetries of the boundary field theory. There are
still residual bulk gauge transformations (2.2) that does not change the Fefferman-Graham gauge
(2.12). These are known as Penrose-Brown-Henneaux (PBH) transformations, under which the
variation of the source fields is given as follows [1, 2].
δσ,ξ,λ,ǫ,ηe
a
µ =
σ
L
eaµ + ξ
ν∂νe
a
µ + (∂µξ
ν)eaν − λabebµ +
1
2
ǫ¯γaχµ +
1
2
ǫ¯′γaχ′µ, (4.1a)
δσ,ξ,λ,ǫ,ηχµ =
σ
2L
χµ + ξ
ν∂νχµ + ∂µξ
νχν − 1
4
λabγabχµ +∇µǫ− 1
L
γµη, (4.1b)
δσ,ξ,λ,ǫ′,η′χ
′
µ =
σ
2L
χ′µ + ξ
ν∂νχ
′
µ + ∂µξ
νχ′ν −
1
4
λabγabχ
′
µ +∇µǫ′ +
1
L
γµη
′, (4.1c)
where σ, ξµ, λab, ǫ, ǫ
′, η, and η′ are arbitrary functions of the boundary coordinates and pa-
rameterize respectively the Weyl, diffeomorphism, local Lorentz, supersymmetry and super-Weyl
transformations of the boundary field theory in the context of the AdS/CFT.
4Since the metric signature of the bulk supergravity is Minkowskian, there is an ambiguity of the sign and a factor
i in the map from the supercurrent operator S± defined in terms of the holographic dictionary to the supercurrent
Sz,z¯ of the SCFT on the complex plane. However, the above analysis is enough to show the physical relevance of the
super-Weyl anomaly.
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The action of the PBH transformation on the canonical variables can be understood by using
the Poisson braket, which is defined as [30]
{A,B} =
∫
d2x
[ δA
δeaµ
δB
δπˆµa
− δB
δeaµ
δA
δπˆµa
+ (−)εA( δA
δχ¯µ
δB
δπˆµψ
+
δA
δπˆµψ
δB
δχ¯µ
+
δA
δχ¯′µ
δB
δπˆµψ′
+
δA
δπˆµψ′
δB
δχ¯′µ
)]
,
(4.2)
where εA is the Grassmann parity ofA. One can readily see that the constraint function C[σ, ξ, ǫ, η, ǫ
′, η′, λ]
defined as
C[σ, ξ, ǫ, η, ǫ′, η′, λ] =
∫
∂M
d2x
{
− σ
L
(
eaµπˆ
µ
a +
1
2
χ¯µπˆ
µ
ψ +
1
2
χ¯′µπˆ
µ
ψ′ +
√−h
2π
Aw
)
+ ξµ[eaµ∇ν πˆνa − (∇µχ¯ν)πˆνψ +∇ν(χ¯µπˆνψ)− (∇µχ¯′ν)πˆνψ′ +∇ν(χ¯′µπˆνψ′)]
+ ǫ¯[∇µπˆµψ −
1
4
(γµχν + γνχµ)e
aν πˆµa ]−
η¯
L
(
γµπˆ
µ
ψ −
√−h
2π
Asw
)
+ ǫ¯[∇µπˆµψ′ −
1
4
(γµχ
′
ν + γνχ
′
µ)e
aν πˆµa ] +
η¯
L
(
γµπˆ
µ
ψ′ −
√−h
2π
A′sw
)
+
1
2
λab(−eaµπˆµb + ebµπˆµa −
1
2
χ¯µγabπˆ
µ
ψ −
1
2
χ¯′µγabπˆ
µ
ψ′)
}
, (4.3)
which vanishes on the solution space of the bulk supergravity, really generates PBH transforma-
tions for the canonical variables by the Poisson bracket. For instance, the Poisson bracket of the
constraint function (4.3) and the source fields becomes
δσ,ξ,ǫ,η,ǫ′,η′,λe
a
µ = {C[σ, ξ, ǫ, η, ǫ′, η′, λ], eaµ}
=
σ
L
eaµ + e
a
ν∇µξν − λabebµ +
1
4
ǫ¯(γµχν + γνχµ)e
aν ++
1
4
ǫ¯′(γµχ
′
ν + γνχ
′
µ)e
aν , (4.4a)
δσ,ξ,ǫ,η,λχ¯µ = {C[σ, ξ, ǫ, η, λ], χ¯µ}
=
σ
2L
χ¯µ + ξ
ν∇νχ¯µ + (∇µξν)χ¯ν +∇µǫ¯+ 1
L
η¯γµ +
1
4
λabχ¯µγab, (4.4b)
δσ,ξ,ǫ′,η′,λχ¯
′
µ = {C[σ, ξ, ǫ′, η′, λ], χ¯′µ}
=
σ
2L
χ¯′µ + ξ
ν∇νχ¯′µ + (∇µξν)χ¯′ν +∇µǫ¯′ −
1
L
η¯′γµ +
1
4
λabχ¯′µγab, (4.4c)
which is identified with the PBH transformation (4.1) of the source fields in terms of the map
λab → λab − ξµωµab − 1
4
ǫab(ǫ¯γ
ρχρ + ǫ¯
′γρχ′ρ). (4.5)
The transformation of the renormalized canonical momenta is also determined by the Poisson
bracket with the constraint function C[σ, ξ, ǫ, η, ǫ′, η′, λ]. First, considering only the bosonic sector,
the stress-energy tensor Tµν becomes symmetric and its variation under the PBH transformation
is obtained by
δσ,ξTµν = {C[σ, ξ],−2πe−1eaµπˆρahνρ}
= ξλ∇λTµν +∇µξλTλν +∇νξλTµλ − 2π
κ2
(
1
2
σhµνR− σRµν +∇µ∇νσ −✷σhµν
)
, (4.6)
where hµν ≡ eaµeaν is the induced metric on the boundary. For the supercurrent operators, we
compute the Poisson bracket and evaluate it on bosonic backgrounds (i.e. the gravitino sources are
set to zero), namely
δσ,ξ,ǫ,η,λTFµ = {C[σ, ξ, ǫ, η, λ], 2πe−1πˆνψhµν}
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= − σ
2L
TFµ + ξ
ν∇νTFµ + TFν∇µξν − 1
4
λabγabTFµ − 1
4
γνǫ(Tµν + Tνµ) +
2π
κ2
εµν∇νη, (4.7a)
δσ,ξ,ǫ′,η′,λT
′
Fµ = {C[σ, ξ, ǫ′, η′, λ], 2πe−1πˆνψ′hµν}
= − σ
2L
T ′Fµ + ξ
ν∇νT ′Fµ + T ′Fν∇µξν −
1
4
λabγabT
′
Fµ −
1
4
γνǫ′(Tµν + Tνµ) +
2π
κ2
εµν∇νη′. (4.7b)
Asymptotic symmetries
The PBH transformations that leave the source fields intact, i.e.
δσ,ξ,ǫ,η,ǫ′,η′,λe
a
µ = 0, δσ,ξ,ǫ,η,λχµ = 0, δσ,ξ,ǫ′,η′,λχ
′
µ = 0 (4.8)
correspond to asymptotic symmetries of the bulk supergravity, or rigid symmetries of the boundary
field theory in the AdS/CFT framework. It follows from (4.4a) and (4.4b) that on the bosonic
background the condition (4.8) becomes
σ
L
eaµ + e
a
ν∇µξν − λabebµ = 0,
∇µǫ− 1
L
γµη = 0, ∇µǫ′ + 1
L
γµη
′ = 0,
or
∇µξν +∇νξµ = hµν∇ρξρ, σ = −L
2
∇µξµ, λab = 1
2
ǫabε
µν∇µξν (4.9a)
η =
L
2
γµ∇µǫ, γνγµ∇νǫ = 0, η′ = −L
2
γµ∇µǫ′, γνγµ∇νǫ′ = 0. (4.9b)
As is well-known, the solutions of (4.9a) and (4.9b) are just the conformal Killing vector (CKV)
and conformal Killing spinor (CKS), respectively. When the metric is given as the light-cone flat
metric (B.1), the solution of the above conformal Killing conditions (4.9) is simply
ξ− = ξ−(x−), ξ+ = ξ+(x+), σ = −L
2
(∂−ξ
− + ∂+ξ
+), λab =
1
2
ǫab(∂−ξ
− − ∂+ξ+), (4.10a)
ǫ =
(
ǫ˜(x−)
0
)
, η = −L
(
0
∂−ǫ˜(x
−)
)
, ǫ′ =
(
0
ǫ˜′(x+)
)
, η′ = −L
(
∂+ǫ˜
′(x+)
0
)
. (4.10b)
In fact, the PBH transformations with the above parameters correspond to the superconformal
transformations of the dual 2D SCFT.
On the light-cone flat metric, Weyl invariance and super-Weyl invariance imply that
T−+ = T+− = 0, S+ = S
′
− = 0, (4.11)
while the diffeomorphism and the supersymmetry Ward identity become
∂+T−− + ∂−T+− = 0, ∂+T−+ + ∂−T++ = 0, ∂−S+ + ∂+S− = 0, ∂−S
′
+ + ∂+S
′
− = 0, (4.12)
which imply that T−− and S− are functions of x
−, and T++ and S+ are functions of x
+.
Inserting this solution into PBH transformations (4.6) and (4.7) and using the map (3.5), we
find how they transform under the asymptotic symmetries, namely
δξ−,ξ+T−− = 2∂−ξ
−T−− + ξ
−∂−T−− +
c
12
∂3−ξ
−, (4.13a)
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δξ−,ξ+T++ = 2∂+ξ
+T++ + ξ
+∂+T++ +
c
12
∂3+ξ
+, (4.13b)
δξ−,ξ+,ǫ˜S− =
3
2
∂−ξ
−S− + ξ
−∂−S− + ǫ˜T−− +
c
6
∂2−ǫ˜, (4.13c)
δξ−,ξ+,ǫ˜′S
′
+ =
3
2
∂+ξ
+S′+ + ξ
+∂+S
′
+ − ǫ˜′T++ −
c
6
∂2+ǫ˜
′, (4.13d)
where the first two expressions exactly render the conformal transformation of the stress-energy
tensors of 2D CFT with central charge c. In addition, (4.13c) and (4.13d) imply that S− and S+ are
respectively primary operators of conformal dimension (32 , 0) and (0,
3
2 ) and their supersymmetry
partners are respectively T−− and T++, which is also in agreement with the SCFT. One can see
from (4.13) that the modes of the stress-energy tensor and the supercurrent satisfy an N = (1, 1)
super-Virasoro algebra with central charge c.
An interesting remark is in order. As in the literature, we could have defined the asymptotic
symmetries as the PBH transformations that do not change the metric hµν and the gravitino sources,
which is weaker than (4.8). However, the local Lorentz parameter λab in (4.10a) plays a crucial
role in deriving (4.13c) and (4.13d), which implies that it is a correct choice for the asymptotic
symmetries to keep the zweibein eaµ invariant.
The anomalous term in (4.13a) that is proportional to ∂3−ξ
− vanishes only when ξ− is at most
a quadratic polynomial in x−, while the anomalous term in (4.13c) vanishes only when ǫ˜ is at most
a linear in x−. The generators of these transformations are just L0,±1 and G± 1
2
that form the
N = (1, 0) global superconformal algebra with no anomalous term. One can easily see that the
same holds for the right-moving (or anti-holomorphic) sector.
5 Anomaly and rigid supersymmetry
In this section, we find that no anomalous term occurs in N = (1, 1) rigid supersymmetry algebra
on 2-sphere, opposite to the case of AdS5/CFT4 discussed in [1, 2].
First, let us obtain the action of the rigid supersymmetry on the supercurrents. Inserting the
conformal Killing spinor condition (4.9b) into PBH transformations (4.7), we obtain the action of
the rigid supersymmetry on the supercurrent, namely
[Qǫ, TFµ] = −1
4
γνǫ(Tµν + Tνµ) +
c
12
εµνγ
ρ∇ν∇ρǫ, (5.1a)
[Qǫ′ , T
′
Fµ] = −
1
4
γνǫ′(Tµν + Tνµ)− c
12
εµνγ
ρ∇ν∇ρǫ′, (5.1b)
where Qǫ ≡
∫
C
dσµ ǫ¯T
µ
F and Qǫ′ ≡
∫
C
dσµ ǫ¯
′T ′µF are conserved supercharges, whose conservation
follows from the CKS condition (4.9b) and the Ward identities (3.2c) and (3.2d). Here C stands
for a certain Cauchy curve.
The validity of the anomalous terms in (5.1) can be seen as follows. Multiplying both sides of
(5.1a) by γµ, we obtain
γµ[Qǫ, TFµ] = −1
2
ǫ(T µµ +
c
12
R), (5.2)
where we used the relation ✷ǫ = −14Rǫ, which follows from the CKS condition (4.9b). One can
readily see that (5.2) holds, by using super-Weyl invariance of the supercurrent operator and the
conformal anomaly (3.4).
Remark that (5.2) implies that the anomalous terms in (5.1) cannot vanish on the non-flat
background metric. It follows from (5.1) that for any two CKSs ǫ1 and ǫ2, the commutator of their
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corresponding supercharges becomes
[Qǫ1 , Qǫ2 ] = −
1
4
∫
C
dσµ ǫ¯2γνǫ1(T
µν + T νµ) +
c
12
∫
C
dσµ ǫ¯2ε
µνγρ∇ν∇ρǫ1, (5.3)
where the c-number second term is the quantum correction due to the super-Weyl anomaly [1, 2].
A similar relation holds for the right-moving sector.
We emphasize that (5.3) does not imply that the rigid supersymmetry algebra on curved man-
ifolds also gets a quantum correction due to the anomaly. In fact, the above commutator of the
supercharges does not belong to the rigid supersymmetry algebra, as the vector ǫ¯2γµǫ1 is a CKV
and in general does not satisfy the Killing condition for the metric.
When the background manifold is a two-sphere, one can construct a Killing vector from the
CKSs [31, 32]. First, consider a spinor ρ ≡ ǫ+iǫ′ where the two spinors ǫ and ǫ′ satisfy the relations
∇µǫ = 1
L
γµǫ
′, ∇µǫ′ = − 1
L
γµǫ, (5.4)
which are followed by ∇µρ = − iLγµρ. ρ is called as Killing spinor in the literature. Note that the
condition (5.4) can hold only when the Ricci scalar is given by R = 8
L2
. Then, for any two Killing
spinors ρ1 and ρ2, the vector
Kµ ≡ ρ¯2γµρ1 = ǫ¯2γµǫ1 − ǫ¯′2γµǫ′1 (5.5)
becomes a Killing vector.
The supercharge of N = (1, 1) rigid supersymmetry algebra on 2-sphere is just Qρ ≡ Qǫ + iQǫ′
associated with a Killing spinor ρ. The commutator of two supercharges Qρ1 and Qρ2 can be
inferred from (5.1)
[Qρ1 , Qρ2 ] = −
1
4
∫
C
dσµ Kν(T
µν + T νµ)− c
6L2
∫
C
dσµK
µ, (5.6)
where the first term is a conserved charge associated with the Killing vector Kµ. The second term
vanishes since the 1-form K = Kµdx
µ is Hodge dual to the exact 1-form.5 Explicitly, the Killing
vector can be written as
Kµ = − iL
2
εµν∇ν(ρ¯2γ∗ρ1). (5.7)
We thus conclude that N = (1, 1) rigid supersymmetry algebra on 2-sphere is not affected
by the super-Weyl anomaly, although the transformation law of the supercurrent under the rigid
supersymmetry becomes anomalous.
6 Concluding remarks
The main message of this note is twofold. The first is that the super-Weyl anomaly that vanishes
on bosonic backgrounds is physically meaningful and in particular the super-Weyl anomaly induces
a quantum correction to the transformation of the supercurrent under the rigid supersymmetry
on curved manifolds. This result was claimed for the first time in [1, 2] for 4 dimensional N = 1
SCFTs, and we have confirmed in this work that the same holds for 2 dimensional N = (1, 1)
SCFTs.
5This can be seen from the integrability condition of the Killing vector on two-sphere. That is, by combining
∇µKν = εµν(
1
2
ε
ρσ
∇ρKσ) and ∇
µ
∇νKµ = RµνK
µ = 1
2
RKν , one can obtain that K
µ = εµνR−1∇ν(ε
ρσ
∇ρKσ).
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The second is that this quantum correction induced by the super-Weyl anomaly does not affect
the N = (1, 1) rigid supersymmetry algebra on two-sphere. This is opposite to the case discussed
in [1, 2], where 4 dimensional N = 1 rigid supersymmetry algebra receives a quantum correction.
We emphasize that the whole procedure here can be easily extended to N = (2, 2) SCFTs.
Without much effort, now one can readily see that there is no quantum correction due to an
anomaly in N = (2, 2) rigid supersymmetry algebra, yet the supercurrent transforms anomalously
under the rigid supersymmetry. This is important in the field theory computations (e.g. [?, 33])
that use the supersymmetric localization technique [12, 13]. It is because the supersymmetric
localization technique is based on the rigid supersymmetry algebra on curved manifolds and the
assumption that there is no (rigid) supersymmetry anomaly.
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Appendices
A Conventions and ADM decomposition
We follow the conventions of [27, 34]. The metric signature in the bulk is (−,+,+). The Greek
and Latin letters refer to the coordinate and flat indices, respectively. Hatted indices (µˆ, νˆ, · · ·
and aˆ, bˆ, · · · ) and fields (gˆµˆνˆ , Eˆaˆµˆ, · · · ) refer to the bulk indices and fields, while unhatted indices
(µ, ν, · · · and a, b, · · · ) and fields (gµν , Eaµ, · · · ) refer to the boundary indices and induced fields.
Let us suppose that the bulk space is a foliation of the r-constant slices. We use the Majorana
representation for the spinors and the λ¯ ≡ λTC for the spinor λ is the Majorana conjugation. Here
C is the charge conjugation matrix in 3 dimensions.
Our conventions for Gamma matrices and Levi-Civita symbols are given as follows.
γ0 = iσ2 =
(
0 1
−1 0
)
, γ1 = σ1 =
(
0 1
1 0
)
, γ2 = σ3 =
(
1 0
0 −1
)
, (A.1)
ǫ012 = 1, ǫ01 = 1. (A.2)
Radial ADM decomposition
To get induced fields on radial slices, we need to decompose fields of the bulk into the radial
and its normal directions, which is called the radial (ADM) decomposition. We begin with the
radial-decomposition of the one-form vielbein Eˆaˆ = Eˆaˆµˆdx
µˆ, and the gravitino ψ = ψµˆdx
µˆ,
Eˆaˆ = (Nnaˆ +NµEaˆµ)dr + E
aˆ
µdx
µ, (A.3a)
ψ = ψrdr + ψµdx
µ, (A.3b)
where N and Nµ are called lapse and shift, respectively. The unit vector naˆ is chosen to be normal
to vielbeins, i.e.
naˆE
aˆ
µ = 0, ηaˆbˆn
aˆnbˆ = 1, (A.4)
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such that it renders the traditional decomposition of the metric,
dsˆ2 = (N2 +NµNµ)dr
2 + 2Nµdrdx
µ + gµνdx
µdxν , (A.5)
where gµν ≡ EαµEβν ηαβ and Eαµ are the induced metric and vielbein on radial slices, respectively.
The γ-matrices are then decomposed into
γˆr = γaˆEˆraˆ =
1
N
naˆγ
aˆ =
1
N
γ∗, γ∗ ≡ naˆγaˆ, (A.6)
γˆµ = γaˆEˆµaˆ = γ
µ − N
µ
N
γ∗, γ
µ ≡ γaˆEµaˆ . (A.7)
One can see that the induced γ-matrices satisfy the Clifford algebra on the radial slice, namely
{γµ, γν} = 2gµν , {γ, γµ} = 0, γµ ≡ gµνγν . (A.8)
Since γ commutes with all induced gamma matrices γµ, we are allowed to define the radiality as
the eigenvalue of γ for the induced spinor fields on radial slices [15, 35]. The subscript ± indicates
the radiality of the spinor fields, namely
ψ± ≡ 1± γ∗
2
ψ. (A.9)
Note that the radiality defined above coincides with the chirality in 2 dimensions.
We suppose that the flat directions 0 and 2 correspond to the time and radial coordinates,
respectively. naˆ can be arbitrary as long as it satisfies (A.4). Therefore, we choose naˆ = (0, 0, 1)
for simplicity of computations. It then follows from (A.4) that E2µ = 0.
∇ˆ and ∇ stand for the covariant derivatives in the bulk and on the boundary respectively, while
the dot symbol denotes the partial derivative with respect to the radial coordinate r.
Finally, we list some useful formulas. In 3 dimensions, it holds that
γˆµˆνˆρˆ = −εˆµˆνˆρˆ, (A.10)
while in 2 dimensions
γµν = −εµνγ∗, γµγ∗ = εµνγν . (A.11)
Here εµˆνˆρˆ and εµν stand for the totally anti-symmetric tensors in 3 dimensions and 2 dimensions,
respectively.
B Light-cone coordinates on the boundary
In this appendix, we provide the conventions for the light-cone coordinates on the boundary. The
metric is given as
ds2 = hµνdx
µdxν = −dx+dx− = −(e0)2 + (e1)2, (B.1)
which implies that
h++ = h
++ = h−− = h
−− = 0, h+− = −1
2
, h+− = −2. (B.2)
Note that x− and x+ are mapped to z and z¯ of the complex coordinates, respectively. The zweibein
is
e0 =
1
2
(dx− + dx+), e1 =
1
2
(−dx− + dx+), (B.3)
14
or
eaµ =
1
2
(
1 1
−1 1
)
. (B.4)
Using this, the gamma matrices are
γ+ =
(
0 2
0 0
)
, γ− =
(
0 0
−2 0
)
, (B.5)
and
ε−+ = e
a
−e
b
+ǫab =
1
2
. (B.6)
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